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Abstract. 

A setup is proposed to enhance tracking of very small particles, by using optical tweezers 
embedded within a Sagnac interferometer The achievable signal-to-noise ratio is shown to be 
enhanced over that for a standard optical tweezers setup. The enhancement factor increases 
asymptotically as the interferometer visibility approaches 100%, but is capped at a maximum 
given by the ratio of the trapping field intensity to the detector saturation threshold. For an 
achievable visibihty of 99%, the signal-to-noise ratio is enhanced by a factor of 200, and the 
minimum trackable particle size is 2.4 times smaller than without the interferometer. 
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1. Introduction 

Optical tweezers are devices which trap and detect small particles in a tightly focused laser 
beam [1 J. Radiation pressure draws particles towards higher light intensities, and traps them in 
the focus of the beam. The effect of a particle on the trapping beam profile can be analyzed to 
extract information about the position of and force on the trapped particle with subnanometer 
and subpiconewton detection sensitivity El [3]|. This has become an important technique 
in a range of applications, particularly high-precision manipulation of biological samples. 
Optical tweezers have been used to manipulate viruses and bacteria unfold single RNA 
molecules [5J, study the motion of the biological motor protein kinesin |[6l and muscle myosin 
molecules [7J, and sequence DNA [8J. 

Particles trapped in optical tweezers are tracked via the interference between the trapping 
beam and the light which scatters off the particle BH [I0||. A quadrant photodiode can be 
used to infer both the position of the particle and the force exerted on it [ fTT| [T2 l |. Detecting 
the particle becomes much more difficult as it becomes smaller, because small particles can 
scatter very little light, with the amplitude of Rayleigh scattering scaling as the particle radius 
to the power of six lfT3l[T4|| . Particles which have been successfully trapped and detected in 
optical tweezers include 26 nm dielectric particles ifTSl and 36 nm gold nanoparticles lfT6ll . 
The sensitivity of such measurements is limited by low scattered light levels. 

In almost all cases, and especially when trapping small particles, the trapping field 
intensity used in optical tweezers is much brighter than the saturation threshold of the detector 
used to track particle position. In order to detect the particle, there are two options. A second 
beam which is much less bright may be added to the optical tweezers setup, and this beam can 
be used to detect the particle position. This second beam may be orthogonally polarized to the 
trapping beam IfTTll . or it may be at a different wavelength [fT2ll . Alternatively an attenuator 
is placed in the beam between the optical tweezers and the detector. This attenuates the 
trapping beam, but it also attenuates the light scattered from the particle, degrading our ability 
to detect the particle. The signal-to-noise ratios (SNRs) achieved with these two approaches 
are identical if we assume optical linearity throughout the system. 

Several methods to improve the sensitivity of optical tweezers exist, using for example 
back focal plane interferometry [fT8|| , two orthogonally polarized beams [6], or spatial 
homodyne detection |[T9l|20l|. Sophisticated techniques have also been proposed to surpass the 
shot noise detection limit using quantum states of light [|2Tll22ll23]| . Both spatial homodyne 
detection and the use of quantum states of light could be integrated into the technique 
proposed in this paper to further enhance the particle tracking capability. 

This paper proposes the combined use of optical tweezers and Sagnac interferometry for 
enhanced particle tracking, extending a recent demonstration of Sagnac interferometer based 
phase plate characterization [24J. With optical tweezers embedded in a Sagnac interferometer, 
selective interference attenuates the trapping field and hence reduces the detection shot noise, 
substantially improving the detection SNR when compared to using a standard attenuator. The 
particle tracking SNR is enhanced by a factor which increases as the interferometer visibility 
approaches 100%, up to a maximum enhancement defined by the ratio of the trapping field 
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Figure 1. Layout of the Optical Tweezers detection scheme. The trapping field is split at the 
beam splitter, with the transmitted field ficcw traveling counterclockwise around the Sagnac 
interferometer, and the reflected field E^s^ traveling clockwise. Once the fields reach the 
beam splitter again they recombine and interfere. The quadrant photodiode detects the light, 
producing sum and difference photocurrents % and i^. 



power to the detector saturation threshold. If, for example, the Sagnac interferometer had a 
visibility of 99%, the signal-to-noise ratio would be enhanced by a factor of 200, which would 
consequently enable tracking of 2.4 times smaller particles than the equivalent standard optical 
tweezers scheme. 

2. Theory 

A schematic of the Sagnac interferometer embedded optical tweezers proposed here is shown 
in Fig. [U The input optical field Eq, is split by a beam splitter, resulting in two optical 
fields propagating through the Sagnac interferometer, ^ccw traveling counterclockwise and 
^cw traveling clockwise. These fields form an optical trap at the focus of the objective 
lenses. When a particle is trapped, it will scatter light from both fields, modifying their spatial 
profiles. The fields then recombine at the beam splitter, with the trapping field constructively 
interfering when returning out the beam splitter port of incidence, henceforth termed the light 
port, as is standard for a Sagnac interferometer. The quadrant detector used to extract particle 
position information is placed out the other dark port, where the trapping field destructively 
interferes. By contrast, the component of the scattered field containing particle position 
information constructively interferes when leaving the dark port, provided the interferometer 
has an odd number of internal reflections. 

The number of interferometer mirrors is kept general in the following theory to 
illustrate the necessity for an odd number of internal reflections. Phase shifts upon hard 
boundary reflection from mirrors have no eff'ect on the interference of the clockwise and 
counterclockwise fields, as both fields experience the same number of reflections. For 
simplicity we therefore neglect them. We have defined the z axis in the direction of 
propagation of the laser beam, y as normal to the plane of the interferometer, and x by 
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X = y X z, and we assume that the polarizations of all optical fields are the same throughout the 
experiment, so that all fields can be treated as scalar. We also assume that the input trapping 
field Eq is symmetric on reflection, so EQ{x,y) = EQ{-x,y). 

Since the clockwise and counterclockwise fields travel the same optical path in opposite 
directions through the setup, they will form a standing wave. At the trapping position the effect 
of this will be to greatly increase the light intensity gradient in the axial direction. Standing 
waves have previously been used in optical tweezers to improve the axial trapping of sub- 
wavelength particles [25 J. Although not strictly necessary, for simplicity we assume that this 
is achieved, such that the particle is trapped in the z direction at an antinode of the standing 
wave. This constraint on the axial position of the particle will ensure that light backscattered 
by the particle from the clockwise and counterclockwise trapping fields will have a phase 
such that it constructively interferes at the light port of the interferometer, and destructively 
interferes at the dark port. This allows backscattered light from the particle to be neglected in 
the following derivation. 

Throughout this work it is useful to separate the electric fields into normalized real modes 
u{x,y) and complex amplitudes A, such that 

En(x,y) = A„Un(x,y), (1) 

where n is an arbitrary subscript, and u„ is normalized such that 



DO DO 



u„{x,y) dxdy = 1. (2) 

The transmittance and reflectance of the beam splitter are given by T and R respectively, 
so that the transmitted field Eccw is given by 

Eccw(x,y) = ^Eo(x,y). (3) 

This field propagates a distance of Li to the optical tweezers, and picks up a phase shift of e'*"^' , 
where = ^ is the wavenumber and A is the optical wavelength. To first order, sufficiently 
small trapped particles leave the trapping field unchanged except for the introduction of a 
component Ep which is scattered from the particle LQJ. After interaction with the particle, the 
field is 

£ccw ot(^, y) = yffEoix, j)^'*^^' + Ep(x, y). (4) 

The scattered field Ep can be separated without loss of generality into symmetric and 
antisymmetric parts E^ and so that 

Ep(x, y) = E,{x, y) + Ea{x, y), (5) 

which due to their symmetry have the properties 

E,(x,y) = E,(-x,y) (6) 
E„(x,y) = -Eai-x,y). (7) 

This is useful because all of the particle position information is found in the antisymmetric part 
of the scattered field for small particle displacements I20J . The amplitude of the scattered field 
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Figure 2. Phase induced by reflection of an antisymmetric field off" a mirror Left: reflection of 
an antisymmetric field off' a mirror Right: spatial profiles of field before and after reflection. 
The example spatial profile shown here is a TEMOl mode. 

is proportional to the counterclockwise trapping field amplitude, such that = y/TAoe'''^^^s^ 
and Aa = y/TAoe'^^^ where and respectively denote the proportion of the trapping field 
which scatters from the particle into symmetric Us(x,y) and antisymmetric Ua(x,y) modes. 
Here we work in the experimentally relevant limit that the proportion of the trapping field 
which is scattered is very small, or equivalently, {^a,^s} 1- Substituting these expressions 
into Eq. (HI), we find 

^ccw ot(^, = Vf Aoe'*'^' [uo(x, y) + ^sU.six, y) + ^aUa{x, y)] . (8) 

Each reflection off a mirror causes a reflection of the beam profile in the x direction. 
This is shown graphically in Fig.[2l As seen in Eq. (|7]), this results in a change in the sign of 
the antisymmetric scattered field but does not eff"ect either the trapping field Eq, which 
we assume to be symmetric as is typical in optical tweezers, or the symmetric scattered 
field Es- As a result the antisymmetric scattered field, which contains the particle position 
information, picks up an additional phase shift on each reflection compared to the trapping 
field and symmetric scattered field. 

Similar analysis of the clockwise path through the interferometer yields the clockwise 
optical field after interaction with the particle, 

£cw ot(^, y)= - <REq{x, 3;)e'*^^^ + Ep{x, y) (9) 
= - ^iRAoe'''^^ [uoix, y) + ^,u,{x, y) + y)l (10) 

where is the distance traveled to the optical trap, and the negative sign is due to a hard 
boundary reflection from the beam splitter. 

For the sake of brevity the explicit spatial dependence is now dropped, with u„{x,y) 
written as u„ throughout. After interaction with the particle, both counterclockwise and 
clockwise fields propagate back to the beam splitter. The phase shift due to beam propagation 
cancels out because both beams travel the same total distance. The counterclockwise and 
clockwise fields experience g and / reflections respectively before reaching the beam splitter, 
with each reflection inducing a n phase shift on their antisymmetric components. The fields 
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at the beam splitter are then 

= VfAo[(Mo + 6".) + i-iYM, (1 1) 

E'^^ = - V^o[("o + ^s".) + (12) 

The field leaving the light port is given by El = - yfRE[.^^ + ^JtE'^^, where the negative 
sign in the first expression is due to the reflection of the counterclockwise field from a 
hard boundary at the beam splitter. Similarly, the field leaving the dark port is given by 
Ed = VT'^'ccw + V^^cw which can be expanded as 

Ed = AoiT-R)iuo + ^.m.) + Ao ((-l)^r - i-\yR)^aUaix,y). (13) 

Notice that the components of both the trapping and symmetric scattered fields which exit 
through the dark port suff"er destructive interference due to the prefactor (T -R), and cancel 
exactly when T = R, which corresponds to perfect interferometer visibility. By contrast, 
constructive interference can be achieved for the antisymmetric scattered field through an 
appropriate choice of g and /. The term in Eq. (031) relating to the antisymmetric scattered 
field can be simplified by defining m to be the difl^erence in the number of reflections 
experienced by the clockwise and counterclockwise fields after interaction with the particle, 
such that m = f - g, so that 

Ed = Ao(T-R)(uo + ^,m,) + (-l)^Ao (T - (-irR)^,Ua(x,yl (14) 

In the case that m is odd, the antisymmetric part of the scattered field constructively interferes 
at the dark port, as shown by the (T + R) prefactor. If the total number of mirrors in the 
interferometer is odd, m is odd and this condition is met. It is also apparent that the sign of 
the antisymmetric coeflicient will depend on g. The only effect this has is to alter the sign of 
the detected photocurrent z ^, with the sensitivity of the measurement left unchanged. Hence, 
without loss of generality we set ^ = 2 as in Fig.[Tl to finally find 

ED,m odd = Ao(T-R)(Uq + ^,Us) + Aq{T +R)^aUa{x,y) (15) 
ED,m even = Aq{T-R){Uq + ^,M,) + Aq{T -R)^aUa{x,y). (16) 

SNR enhancement requires constructive interference of the antisymmetric term, and hence 
m odd. Henceforth we only consider this case, with Aq set to be real without loss of 
generality. The mean photon number flux reaching each position in the detector is given 
by {nD(x,y)) = ^E*j^Ed, where h is Planck's constant and 60 is the vacuum permittivity. 
Substituting Eq. (fT5l) into this expression we find 

inn) = ^Aluo(T-R)[{T-R) (uo + (^. + C>s) + (T+R)(^a + O^al (17) 
In 

where terms of 0(2) in and have been neglected since j^^, 1- This is detected on a 
quadrant detector, and subtraction of the resulting photocurrents is performed in the standard 
manner to infer the position. We assume that the detector size is large compared to the beam 
size. The sum and difference photocurrents are then given by 



00 00 



(in) = \ \{nD(.x,y))dxdy (18) 
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and 

oo oo oo 

(4) = JJ{nD(x,y))dxdy - JJ{nD{x,y))dxdy, (19) 

—DO ~oa~oa 

where the photocurrents (i^) and (i^) are in units of electrons per second, {i^) is the mean total 
photocurrent generated by the light hitting the detector. This also gives the shot noise variance 
A^i^, which for shot noise limited detection is the noise on the position measurement. Using 
the normalization property of mode functions given in Eq. Q, and now neglecting terms of 
0(1) in and we find the mean total photocurrent 

A% = Hn) = ^{T-RfAl (20) 
In 

The mean photocurrent difference can be found in a similar manner. Since it is obtained 
by subtracting the flux on one half of the detector from that on the other, the intrinsically 
symmetric terms and mqm^ in Eq. (flTl) can be ignored. The result is that 

X) DO OO 



</,) = ^(T-R)(T+R)(^a + CMo 
In 

Due to the symmetry of uq and Ua, this simplifies to 

oo oo 

(h) = ^{T-R)(T+R)(^a + OAl JJ uauodxdy. (22) 
We can define an overlap integral rjao as 



J'J'uaUQdx dy - J'J'uaUodxdy 



V-oo 



(21) 



-oo 



CO CO 



?7aO = 2 JJ UaUodxdy, (23) 

-oo 

which quantifies the similarity between the mode containing particle position information Ua, 
and the detected mode, given by sign(.x:) x Uo(x, y) Il20ll . Substituting this into Eq. (I22l) we find 

</,) = ^(T-R)(T+R)(C. + QAlrjao. (24) 
In 

Using this expression and Eq. (I20l) for the shot noise variance, we find the shot noise limited 
SNR for particle tracking in the x direction to be 

SNR. = = 'j^iT+Rfi^^ + CfAlr^lo- (25) 

An identical result also follows from a quantum treatment of the optical fields, with the 
shot noise being the result of vacuum noise entering the dark port of the interferometer, 
rather than being phenomenologically included with the assumption of Poissonian statistics 
upon detection. It is useful to compare this result to the SNR achieved with standard direct 
detection. In that scheme, for an input field of Eq we get an output field of Eq + Ep after the 
optical tweezers. However, since typical trapping powers are of the order 1 W (for example 
see Ref. [4J), and typical photodiodes used for detection have saturation thresholds below 10 
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Figure 3. SNR enhancement of the Sagnac interferometer over direct detection, as a function 
of (a) beam-spHtter reflectivity and (b) Sagnac interferometer visibiHty. For (a), T +R - I has 
been used, which assumes there is no loss in the Sagnac beam sphtter. 



mW [|26l . the optical field is attenuated prior to detection. To enable a fair comparison, we 
attenuate the light so that it is the same brightness as the interferometer case, finding 

E'^' = (T-R)(Eo + Ep) (26) 
= iT-R)iEo + E, + Ea), (27) 



so that 



and 



A2-dir 



A^iN 



(28) 



(29) 



where we have again set Aq to be real without loss of generality. This results in a SNR of 



SNR 



dir 



(30) 



which is identical in form to the Sagnac SNR except that the (T+R)^ term in Eq. (|25l) becomes 
(T-R)^ here, substantially degrading the SNR when TxR. Explicitly, the SNR enhancement 
factor S for the Sagnac over direct detection is 

SNR, (T+Rf 

6= ^ = - (31) 

SNRf (T-Rf 

which is shown as a function of R in Fig. [3] a, assuming a loss-less beam splitter such that 
T = l-R. Note that S tends to infinity as (T-R) goes to zero. This is clearly unphysical since 
it corresponds to perfect interference on the Sagnac beam splitter, which requires perfect 
polarization and spatial overlap as well as R = T. A physically useful parameter which 
includes all non-ideal effects is the interferometer visibility VIS, given by 



VIS = 



(ni) - (np) 
<«l) + (no) 



= 1-2 



{T-Rf 



(T+R) 



2 ■ 



(32) 
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The visibility quantifies the mode-overlap between the two beams in the interferometer, with 
a visibility of 1 indicating perfect mode matching. Using this and Eq. (|3TI) . we can express 
the enhancement factor in terms of the visibility as 

6 = — - — . (33) 
1 - VIS 

The enhancement fi as a function of VIS is shown in Fig.[3]b. We see that as the mode overlap 
goes to unity, the enhancement again approaches infinity. 

In reality the enhancement is limited by the ratio of the trapping field intensity to 
the detector saturation threshold. In order to compare Sagnac interferometer detection to 
standard detection, the optical intensity in standard detection is attenuated by a factor of 
{T -Rf. However, once the optical power is below the saturation threshold of the detector, 
it is no longer sensible to apply more attenuation. Once this limit has been reached, no 
further advantage can be had from improving the visibility of the Sagnac, since there is no 
requirement to further reduce the optical power reaching the detector. 

Practically, the maximum enhancement conferred by the Sagnac interferometer is 
achieved when it is used to reduce the detected light intensity to the point that the total 
photocurrent defined in Eq. (I20l) is just within the saturation threshold (4at)> 

(/n) = ^^{T-RfAl = (4at). (34) 
In 

Rearranging this, we find 

(T-Rf = (35) 

which can be substituted into Eq. (|3T]) to find the maximum enhancement of 

_ 6oA Al ^ {iNo) 

2h (Jsat) («sat) 

where {if^ q) is the mean photocurrent that would result from the trapping field if there was no 
attenuation, and we have assumed the Sagnac beam splitter is loss-less, so T + R = 1. This 
limit will depend on the trapping field intensity and the specific detector used. Supposing a 
Thorlabs PDQ30C quadrant detector was used with a trapping intensity of 1 W as in Ref. [H, 
the maximum enhancement would be approximately 1000. 

To assess the usefulness of this technique we consider a specific example. If optical 
tweezers are set up in a Sagnac interferometer with visibility of 99%, Eq. (|33l) indicates that 
the SNR would be enhanced by a factor of 200. As shown in Eq. (|25|) . the SNR is proportional 
to the real part of the antisymmetric scattered field intensity, given by {^a + Ci)^^o' 
therefore proportional to r^, where r is the particle radius lfT3l [T4l . A 200 times increase 
in SNR would therefore allow a reduction in the minimum detectable particle size when 
compared to standard detection of 200^, or approximately 2.4 times. The sensitivity could 
be further improved by using spatial homodyne detection instead of the quadrant detector, as 
quadrant detection has been shown to perform sub-optimally |fT9ll20ll . 

Finally, we note that the described configuration of the interferometer will only enhance 
the X position detection because the interfered beams are only flipped in the x direction on 
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reflection against interferometer mirrors. Reflections of both the x and the y directions are 
required in order to extend this technique to enhanced x-y position detection. This can be 
achieved with a 3 -dimensional layout of mirrors. 

3. Conclusion 

By using a Sagnac interferometric detection scheme, the signal-to-noise ratio for particle 
tracking in optical tweezers is enhanced by a factor which increases as the interferometer 
visibility approaches 100%, up to a maximum enhancement defined by the ratio of the 
trapping field intensity to the detector saturation threshold. This improvement comes about 
because the interferometric scheme results in destructive interference of the trapping field at 
the dark port without aff"ecting the information carrying part of the scattered field. If optical 
tweezers were set up in a Sagnac interferometer with visibility of 99%, the signal-to-noise 
ratio would be enhanced by a factor of 200, which would consequently enable tracking of 2.4 
times smaller particles than the equivalent standard optical tweezers scheme. 
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